Introduction
Just as in many other areas, project management makes use of mathematical modeling in cases such as setting strategic goals, formulation of strategies, selection of human resources and realization of the chosen strategy and control. Criteria and restrictions of alternatives are also encompassed in the space of uncertainty and indeterminacy.
Resource Allocation Problem (RAP) is the process of allocating resources among the various projects or business units for maximization of profit or minimization of cost [10] . The process of the RAP is focused on finding an optimal allocation of limited resources to a certain number of tasks while controlling for the given resource constraint. Resource may be any entity used to accomplish a goal, e.g. a person, an asset, material, etc. This paper deals with human resource allocation. We start from a set of individuals who were tested for certain qualities by the experts. The novelty lies in the fact that marks given by the experts need not to be exact numbers, but qualitative values, such as: absolutely true, highly true, moderately true, etc. Furthermore, if experts do have certain hesitations it will be allowed to choose more than one 'mark', thus avoiding to be artificially precise. Methodology which allows us to model indeterminacy is fuzzy sets theory, which is particularly well designed for dealing with non-probabilistic uncertainties. Following the work of Saaty et al. [20] we observe marketing sector vacancies.
-186 -We expand their work in two directions: expanding the grading system and, indirectly, the coefficients of model constraints which become fuzzy. On the other hand, we allow each candidate to be placed at the position best suited for his qualities, which is not necessarily the position he/she would apply for in the first place.
Chapter two focuses on literature review, both of human resources allocation and hesitant fuzzy sets. Chapter three presents the data and variables. We pose the model and perform an in-depth analysis and construction of constraints' coefficients. LINDO software is used for solving binary variables problems. Results are presented and differences between results of similar studies are pointed out. Finally, the last chapter concludes and the guidelines for future research are given.
Literature Review
We begin with the review of papers which inspired us the most, dealing with human resources allocation. Due to the considerable amount of subjectivity involved in hiring people, it is helpful to have prioritization techniques to deal with intangibles and make the process more objective, Saaty [18] and Saaty et al. [19] . They propose Analytic Hierarchy Process (AHP), and linear programming to rate and derive the best combination of people assigned to jobs [24] such as Rezaei et al. [15] .
Filho et al. [6] uses the Constraint Satisfaction Problem approach to solve human resource allocation problems in cooperative health services. They proposed a new tool for planning human resources utilization in hospital plants, i.e. health units. They used simulations for measuring the performance of the proposed heuristics. Another contribution of this work was the mathematical modeling of the unary, multiple, numeric and implicit constraints.
Ballesteros-Pérez et al. [2] described a new application to key sociometrical concepts for the selection of workers within organizations in area of project development, in order to assure the achieving of the highest possible overall work efficiency from the viewpoint of social interaction.
Silva and Costa [21] focused on software development projects and presented a methodology based on dynamic programming for assigning human resources to the observed projects [24] . The methodology takes into account the complexity of each project and the existing capabilities of staff and the skills required for the project. A simulation is used to demonstrate the decision model.
The concept of Hesitant Fuzzy Sets (HFS) is a new one, dating back to Torra [23] . HFS are a generalization of intuitionistic fuzzy sets of Atanassov and Gargov [1] who allowed each fuzzy membership function to have a degree of indeterminacy.
-187 -Torra defines a HFS through a function that returns a set of membership values for each element in the domain. The applications of HFS followed various directions, mostly in generalization of the existing results dealing with (ordinary) fuzzy sets. Rodríguez et al. [17] focused on group decision making (GDM) and hesitant situations that could arise from multiple opinions. They have shown how to generate comparative linguistic expressions by using a context-free grammar. Rodríguez et al. [16] extended context-free grammar to that defined in Rodríguez et al. [17] , and further expanded the topics in GDM in terms of expressing and modeling doubt between different linguistic terms, requiring richer expressions to express the experts' knowledge more accurately.
On the other line of reasoning, but also tackling the decision making processes, Xia and Xu [25] presented an extensive study on hesitant fuzzy information aggregation techniques and their application in decision making with anonymity. They have developed certain hesitant fuzzy operational rules based on the interconnection between the hesitant fuzzy set and the intuitionistic fuzzy set, as well as a series of aggregation operators for dealing with various situations, and risk. Portik and Pokoradi have applied the fuzzy rule based risk assessment and the authors use it in the decision making process [14] .
Methodology and Model Explanation
In this chapter we shall present in detail the proposed methodology and provide the readers with the model for human resources allocation to different positions in marketing sector. When evaluating candidates, HR management is confronted with a significant number of tradeoffs over a diverse range of criteria.
Multiple-objective optimization problems have gained momentum in researchers' community with various backgrounds since early 1960. In the realm of multiobjective optimization problem, multiobjective functions are optimized simultaneously. Therefore, there does not necessarily exist a solution that is best with respect to all objectives due to the incommensurability and confliction among objectives. A solution may be the best in one objective but underperforming in another. The so-called Pareto optimal solutions are a set of solutions for the multiple-objective case which cannot simply be compared with each other, i.e. no improvement is possible in any objective function without sacrificing at least one of the other objective functions.
Fuzzy mathematical programming (FMP) was developed in order to adequately solve optimization problems which poses non stochastic indeterminacies. Inuiguchi [7] classifies FMP in three categories based on the types of indeterminacies: 1) FMP with ambiguities, also known as flexible programming, developed by Bellman and Zadeh [3] , allows fuzzy preferences for the decision maker. 2) FMP with vagueness deals with fuzzy coefficients in constraints and -188 -goals. Dubois and Prade [4] were the first researchers who investigated systems of linear equations with fuzzy coefficients and suggested possible applications of fuzzy mathematical programming. Dubois [5] observed fuzzy coefficients as possibilistic distributions of coefficient values, hence the name possibilistic programming for the second type of FMP. Following the early work of Dubois, we shall apply possibility theory in our linear model. Finally, third type, robust programming combines fuzzy coefficients and ambiguous preferences of the decision makers. Negoita et al. [12] were the first to formulate such a linear programming problem.
Managing and modeling of uncertainty by different forms of information, used by experts to provide their preferences, can be done in various ways, including utility vectors, fuzzy preference relations, linguistic variables, interval values, multiplicative preference relations, hesitant fuzzy sets.
Hesitant fuzzy sets are a generalization of 'ordinary' fuzzy sets and will be used in possibilistic programming. For every element x from the domain X, membership function of a HFS A is given by h(x) = A x , where A x is any (finite) subset of [0, 1] . Suppose that the experts deciding on candidate's communication skills should choose a grade from the set of linguistic descriptions, L = {none, very low, low, medium, high, very high, absolute}. Of course, if unsure of the exact grade, an expert has a possibility to opt for two or more grades 1 . Grades can be naturally ordered, and modeled by fuzzy sets, as shown in Figure 1 . Choosing more than one grade would result in 'merging' the graphs of chosen grades into one convex fuzzy set. It is done by means of envelope which is a linguistic interval whose limits are minimal and maximal linguistic term, as shown in Figure 2 .
-189 - We observe only symmetrical marks, bounded with linear functions, though different methods of forming asymmetrical functions exist and can be found in Inuiguchi et al. [8] . We also refer an interested reader to Klir and Yuan [9] for any comprehensive and in-depth reading on fuzzy sets and fuzzy logic, such as Nagy et al. ( [11] ) and Takacs [22] .
The Model
Let us observe a company 'Comp' consisting of S sectors (Manufacturing, Marketing, R&D, etc.) Each sector consists of up to P positions (e.g. Marketing sector embodies marketing vice president, marketing assistant, customer service representative, shipping clerk, etc.), i.e. P = maxP i , where P i is the number of positions in sector i, i=1,2,…S. Each position employs up to K employees, where K being maxK ij , and K ij is the number of employees on the position j of the sector i (e.g. there are two positions for marketing VP, 3 for marketing assistant, 6 for customer service representative, 2 for shipping clerk, etc.)
There is a total of N candidates, each being tested for C characteristics, regardless of the position he/she apply for. The program chooses based on the test results the position one is suited best for, and that doesn't necessarily mean is the position one applied for. Characteristics include experience, organizational skills, dependability, computer knowledge, contacts, formal education, etc. These characteristics are measured by both numerical values and experts' opinions in terms of hesitant fuzzy sets, and their systematization with graphical expressions is given below:
Experience is divided into three broad intensity groups: high (corresponds to 15+ years of experience), medium (6-15 years), and low (up to 5 years). For each broad group experts are asked to grade the applicant in terms how satisfactory (in terms of Figures 1 and 2 ) his actual achievements are, being in a certain intensity group. Similar reasoning goes for following characteristics: quality contacts and leadership, which are also divided into high, medium, and low, with further subdivisions by the experts (Figure 3 ). Organizational and computer skills, as well as dependability are solely divided into broad groups, without additional experts' Let us denote by x ijk a binary variable which has a value 1 if the candidate k, k=1…N is chosen for the position i, i=1…P in sector j, j=1…S, otherwise, x ijk has a value 0. Natural constraints imposed on x's are following:
One candidate can be employed at exactly one position.
N x
Total number of candidates exceeds number of positions.
Each sector is choosing candidates in order to maximize it's manpower:
Coefficients c ijk in the linear expression (3) are fuzzy numbers of triangular, or trapezoidal shape and are obtained through summation of grades for each position.
Analytical and graphical expression of a trapezoidal number A = (a, b, α, β) is
given by following membership function and in Figure 4 : The linear combination of fuzzy trapezoidal numbers, which is present as a constraint expression as well as a goal function, is again a number of the same shape. If we denote by (a ijk , b ijk , α ijk , β ijk ) coefficient c ijk , the total manpower TM, defined at (3) is given by:
The possibilistic linear function is not uniquely determined, therefore its maximization, as well as constraints of the form The constraints on the number of people in each position are given by:
, where i is the number of sectors, i=1…S and j is the number of positions in each sector, j=1…P.
Maximization of the total human potential of the company is done by maximizing the right spread of the possibilistic distribution, allowing for the best possible marks to be incorporated in the optimal team:
One of the possible restrictions is a funding restriction. Each employee has suggested his expected and minimal wage, w e and w min respectively. We would like not to break funds F with high necessity, of e.g. h = 0.8 or h = 0.9. One easily concludes from Figure 5 that this constraint is equivalent to:
Other restrictions are possible, namely if we want to impose a minimal mark value in the certain job group, e.g. average computer skills among marketing assistants should be at least M. Since we observe all the marks as possibilistic distribution functions, we can pose this requirement differently, namely, we could demand that the minimal average computer skill is necessarily greater than M, where we use high necessity measure of e.g. h = 0.8 or h = 0.9, as presented in Figure 6 . The set of restrictions is given by:
Results and Discussion
Numerical example is provided in this section. Data from 30 applicants were collected, and only the marketing sector has been covered. Data can be found in Appendix 1 2 . In addition, applicants were asked to suggest their salary in terms of expected and minimum value. Values of salaries are given in Appendix 2. This group was tested for education levels, contacts, experience, leadership skills, organizational, computer secretarial, and communicational skills, as well as dependability. Not all skills are necessary for each position, namely: VP Marketing (up to two people) are tested for experience, contacts, education and leadership. Marketing assistants (MA, up to three) for organization, computer skills and education, Customer service representatives (CSR, up to four) for education, computer, secretarial and communicational skills. Finally, Shipping clerks (SC, up to five) were tested for dependability, organizational and computer skills. Objective function was to maximize the total manpower of future employees.
Results without limited funds are presented in Table 1 . Results include restrictions imposed on VPs to have an average score of at least 20. For MAs for having an average mark on education and organization at least 8, on CSRs to have average communicational skills at least 2.5. However, if the funds are decreased to 600 (in thousands of US dollars per annum) we observe the results in Table 2 : Table 3a and 3b, together with the change in desired necessity levels, from 0.8 to 0.95. 
Conclusion
We tried to present a possible application of hesitant fuzzy sets in the field of human resources allocation. Certain qualities of the applicants cannot be measured precisely, and an expert's opinion is needed, which as well may not be precise, or the expert might have doubts or hesitate to give a final mark. Hesitant fuzzy sets are designed to perfectly model these situations. We suggested possible objective functions, as well as an array of possible constraints. There were no restrictions on number of positions one applicant could apply. We tested the model on 30 applicants to Marketing sector of a company wanting to expand to 14 new positions. Results show that insignificant loss in total human potential, measured by sum of marks in all observed characteristics, can lead to substantial savings.
Possible limitation might be the omission of interaction among cooperative individuals. When choosing a team of people it is relevant to measure a level of synergy within a team and test whether a team contributes more (or less) than the sum of independent performances of each team member. Surely it is possible to employ other mathematical methods in order to model synergy levels. However, the focus of this paper was on presenting a new method in decision making and mark giving, but this interesting topic will be fully investigated in our future work. 
